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Introduction 

 

Tuberculosis is a disease that has a cure, but an incredible amount 

of people still die each year from Tuberculosis. In fact there are over a 

thousand cases of Tuberculosis per 1 million people in the world, 

including over 3000 in sub-Saharan Africa. In stark comparison, the 

United States rate for new tuberculoses cases in 2007 was 40 per 1 

million residents. The hope with this disease is that if we enact a plan to 

vaccine or cure the population in a strategic way, we can eradicate the 

disease. In fact the World Health Organization hopes to have 

Tuberculosis down to less than 1 incident per 1 million people in the 

world by 2050. Much scientific literature has been written about the 

goal of ridding Tuberculosis in the coming years with strategies and 

implementations of plans, including building mathematical models to 

assist with ideas. 

 

The paper “Eliminating human tuberculosis in the twenty-first 

century” with authors C. Dye and B. Williams[1] describes a Berkeley 

Madonna mathematical model that they have constructed to assist in 

discovering where to attack the Tuberculosis problem. Some of the 

flows they considered include increasing the detection rate, providing 

more vaccines to prevent infection, preventing latent Tuberculosis from 

becoming active and curing those with the disease. They use this 

information to discover new strategies for reaching the World Health 



Organization goal in 2050. However they do not discuss the opposite 

possibly: what would happen if various flows, including lack of funding, 

prevented Tuberculosis treatment? How would the disease grow in the 

population over a period of time as compared to the standard system of 

Tuberculosis treatment today? 

 In this paper I will reconstruct the model in Berkley Madonna 

based on the work of Dye and Williams[1]. I will extend the model to look 

at the consequences of a tuberculosis epidemic instead of the goal of the 

eradication of tuberculosis. 

The Tuberculosis Mathematical Model 

 [1] 



Tanks 

My model considers 6 types of population time-dependent 

quantities, in relation to the Tuberculosis disease. The first population, 

in which all members are born into, is the uninfected group. This group 

adds members through birth and loses others to infection. The next two 

groups are interrelated: Infected, but latent with a slow progression to 

full Tuberculosis, or infected, but with a fast progression. Both of these 

groups are newly infected members, and eventually become full cases. 

The next two groups are also similar. One is the population with the 

active form of tuberculosis, which has a higher transmission rate and 

death rate then the other group, the inactive form. The last group is the 

cured population. These members have been vaccinated, cured by 

medicine, or a self-cure case, where the patient’s immune system rids 

itself of the disease.  

Flows 

 There are many flows in this model. People in the model can go 

from almost any of the population groups to any of the other groups in a 

forward direction, from healthy to extremely sick. From the uninfected 

group we have a birth flow, a natural death flow, and a two new 

infection flows that go to either of the latent cases. Each of the latent 

cases has flows that go into each of the active forms of Tuberculosis and 

also to the cure group. Lastly, the active and non-infectious groups can 

either die from Tuberculosis or be cured. All of these groups, including 

the cured subset, all have a natural, non-tuberculosis caused death 

outflow also.  

 



 

 

 Many of the equations involved have similar flows, including 

moving between populations, birth, and death considerations. The first 

flow is birth. This is only present in the first population of Uninfected, or 

the youngest group. People cannot be born into any other group than 

uninfected, as tuberculosis cannot be contracted before then. In this 

model we want to keep a constant population, so we can derive 

proportions of each population from the whole. 

 



Birth Flow: m*U*(SlowLs[m] + FastLf[m] + Cured[m] + 

Noninfectious[m] + Infectious[m] + Uninfected[m]) + Ui*allI + 

Un*allN 

 

The birth flow takes the number of age classes, m, and the death 

rate from non-tuberculosis related deaths and multiplies them together 

by the oldest members of each population group. It then adds the death 

rate of active tuberculosis cases by people with active tuberculosis, and 

the same with inactive tuberculosis. This keeps a steady population 

throughout the model. 

 

Every equation in the model has the next flow: aging. This takes 

into account that members of each age group in a specific population 

can move from the youngest to the oldest as they age within the same 

class. 

 

Aging Flow: m*U* PopulationX [i-1] -  m*U*PopulationX[i] 

 

This works very similarly to the birth flow above. It also takes the 

death rate, in this case the aging rate, and uses that to determine how 

many people will move from the younger age group to the older. The 

flow itself adds the aged group from the immediately younger 

population and subtracts its own aged group. 

The death flow is the exact opposite of the birth flow and quite 

similar to the aging flow. Each of the oldest population has a death flow 



in which that number is then added to the birth flow. It also contains the 

death rate for infectious and noninfectious tuberculosis. 

 

Death Flow: - m*U*PopulationX[m] - Ui*allI - Un*allN 

 

After these 3 flows, the remaining ones are not common between 

most populations. They involve functions such as vaccinations, 

infections, progression of the disease, and other various ways of moving 

across populations. Some other commonalities between equations 

include that each of the youngest populations has a unique formula, 

because it only has one part of the aging flow because there are no 

younger groups. Also, because this model takes into account the 

difference between younger and older populations, groups where age 

matters in the tuberculosis model are depicted as [1..n] and older 

groups are ɍÎϽυȣÍɎ, because the younger populations have different 

susceptibilities to the tuberculosis disease. 

 

Equations 

 

d/dt (Uninfected[1]) = m*U*(SlowLs[m] + FastLf[m] + Cured[m] + 

Noninfectious[m] + Infectious[m] + Uninfected[m]) + Ui*allI + Un*allN - 

Beta*Uninfected[1]*allI - alpha*Uninfected[1] - m*U*Uninfected[i] (1)  

d/dt  (Uninfected[2..m]) = m*U*Uninfected[i-1] - m*U*Uninfected[i] - 

Beta*Uninfected[i]*allI - alpha*Uninfected[i] (2)  

 



These equations for the uninfected group are the same except for 

the birth flow in the first member of the array and the death flow in the 

last member. Both of these contain aging flows and also additional 

flows: new tuberculosis patients, determined by the transmission rate 

and number of infectious members of the population, and vaccinated 

patients, which then become part of the cured group. 

 

d/dt (SlowLs[1]) = Beta*(1-Pc)*Uninfected[i]*allI-

Beta*Pc*x*SlowLs[i]*allI-(Vs+m*U+r)*SlowLs[i] (3) 

d/dt (SlowLs[2..n]) = m*U*SlowLs[i-1] + Beta*(1-Pc) 

*Uninfected[i]*allI-Beta*Pc*x*SlowLs[i]*allI-(Vs+m*U+r)*SlowLs[i] (4) 

d/dt (SlowLs[n+1..m]) = m*U*SlowLs[i -1] + Beta*(1-Pa)* 

Uninfected[i]*allI-Beta*Pa*x*SlowLs[i]*allI-(Vs+m*U+r)*SlowLs[i] (5)  

d/dt (FastLf[1]) = Beta*Pc*Uninfected[i]*allI + 

Beta*Pc*x*SlowLs[i]*allI - (Vf + m*U + r)*FastLf[i] (6) 

d/dt (FastLf[2..n]) = m*U*FastLf[i-1] + Beta*Pc*Uninfected[i]*allI + 

Beta*Pc*x*SlowLs[i]*allI - (Vf + m*U + r)*FastLf[i] (7) 

d/dt (FastLf[n+1..m]) = m*U*FastLf[i-1] + 

Beta*Pa*Uninfected[i]*allI + Beta*Pa*x*SlowLs[i]*allI - (Vf + m*U + 

r)*FastLf[i]  (8) 

 

These groups of equations represent the latent version of 

tuberculosis that can be going slow or fast towards an active case of the 

disease. All the equations include the aging flow and death flow. In this 

set of equations we start to see a new age subset of each group, 1 

through n. These are the youngest populations, which have different 



parameters that effect the progression of the tuberculosis disease. 

Members join these groups by becoming newly infected from the 

uninfected group or switching between fast and slow progression of the 

disease. 

 

 

d/dt (Infectious[1]) = Vs*SigmaC*SlowLs[i] + Vf*SigmaC*FastLf[i] - 

(ellipse + m*U + Ui + nc)*Infectious[i] (9) 

d/dt (Infectious[2..n]) = m*U*Infectious[i-1] + Vs*SigmaC*SlowLs[i] 

+ Vf*SigmaC*FastLf[i] - (ellipse + m*U + Ui + nc)*Infectious[i] (10) 

d/dt  (Infectious[n+1..m]) = m*U*Infectious[i-1] + 

Vs*SigmaA*SlowLs[i] + Vf*SigmaA*FastLf[i] - (ellipse + m*U + Ui + 

nc)*Infectious[i] (11) 

d/dt (Noninfectious[1]) = Vs*(1-SigmaC)*SlowLs[i] +Vf*(1-

SigmaC)*FastLf[i] - (ellipse +m*U + Un + nc)*Noninfectious[i] (12) 

 

 

d/dt (Noninfectious[2..n]) = m*U*Noninfectious[i-1] + Vs*(1-

SigmaC)*SlowLs[i] +Vf*(1-SigmaC)*FastLf[i] - (ellipse +m*U + Un + 

nc)*Noninfectious[i] (13) 

d/dt  (Noninfectious[n+1..m]) = m*U*Noninfectious[i-1] + Vs*(1-

SigmaA)*SlowLs[i] +Vf*(1-SigmaA)*FastLf[i] - (ellipse +m*U + Un + 

nc)*Noninfectious[i] (14) 

 

These 2 groups of equations are also interrelated. They are the 

equations that represent the full onset of the disease of tuberculosis. 



There are 2 separate series of equations because certain individuals 

with the full disease do not transmit to others, and also have a lower 

death rate from the disease. These also contain the aging and death 

flows, and also have the youngest populations with different 

parameters. 

 

d/dt (Cured[1]) = (nc + ellipse)*(Infectious[i] + Noninfectious[i]) + 

r*(FastLf[i] + SlowLs[i]) + alpha*Uninfected[i] - m*U*Cured[i] (15) 

d/dt (Cured[2..m]) = m*U*Cured[i-1] + (nc + ellipse)*(Infectious[i] + 

Noninfectious[i]) + r*(FastLf[i] + SlowLs[i]) + alpha*Uninfected[i] - 

m*U*Cured[i] (16) 

 

This is the final set of the overall population in the model. To 

become cured, an uninfected individual can be vaccinated, a latent or 

full case can be cured medically, or a patient can self cure. These also 

have aging flows and death flows. 

 

 

 

 

 

 

 



Initial Values and Parameters 

Parameters  Values Description  

Initial Uninfected, Initial 

Infected, etc. 

Varied  Initial seed values for the model 

Alpha Varied Vaccination rate 

r 0 Treatment rate of latent infections 

Beta 13 Transmission Rate 

Ui .25 Infectious TB death rate 

M 20 Number of age classes 

n 3 Number of young age classes 

Un .1 Non-TB death rate 

Nc .1 Self-cure rate 

Vf .9 Latent to active TB (fast) 

Vs .00011 Latent to active TB (slow) 

Pc 

Pa 

.05 

.15 

Proportion who get fast latent in a 

new case (c=child, a=adult) 

SigmaC 

SigmaA 

.1 

.6 

Proportion who develop infectious 

TB (C=child, A=adult) 

X .35 Proportion of reinfected latents who 

develop active TB 

P 1 Population Ratio 

ellipse varied Infectious and Noninfectious 

detection rate 

K varied Infectious and Noninfectious cure 

rate 



The Experiment 

 These simulations will explore different consequences of the base 

variables of this model changing from their present conditions. In 

particular I will explore the breakdown of vaccinations, patient 

detection, cures or treatment rate. 

In all graphs: 

Group Color 

Uninfected Yellow 

Infectious Black 

Latent (slow) Green 

Latent (fast) Blue 

Noninfectious Red 

Cured Pink 

 

 



Control 

 

 

Alpha .01 

r 0 

Ellipse .5 

k .85 

Discussion 

This is the present state of many third world countries in regard 

to the detection and treatment of Tuberculosis moving towards the 

World Health Organization goal of eliminating human tuberculosis by 

2050. 

 

 

 



Simulation 1 

 

 

Alpha 0 

r 0 

Ellipse .5 

k .85 

Discussion 

This simulates the lack of any vaccinations in the population. 

Values are very similar to the control, except for the high incidence of 

latent, slow tuberculosis. This seems to replace the high cured 

population in the first model, so if we did not have an vaccinations, we 

should expect for tuberculosis cases to be as much as 30% of the 

population, with only less that 5% cured. 



Simulation 2

 

 

Alpha .01 

r 0 

Ellipse 0 OR 

k 0 

Discussion 

This simulates a population with no tuberculosis detection or no 

cure for infectious or noninfectious tuberculosis. Compared to the 

control, we have an incredible increase of latent and infectious 

tuberculosis. The cured population stays about the same, while the 

uninfected population drops rapidly. 

 



Simulation 3

 

 

Alpha .005 

r 0 

Ellipse .25 

k .425 

Discussion 

This simulates a population with half the rates currently used. 

Compared to the control, we have almost half the number of cured, but a 

great increase in the latent slow infection and a decrease in the number 

of uninfected individuals. 



Conclusions 

 While the current treatment of tuberculosis as depicted in the 

control will eventually eradicate human tuberculosis in a population, 

even a breakdown of half the current resources will create an epidemic 

of tuberculosis. We have also learned that the most important two 

factors in controlling human tuberculosis are detection and treatment of 

infected individuals. Eliminating vaccinations was not nearly as 

detrimental as failing to identify affected individuals and curing them. 
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